A Generalization of Rings of Type (1,1)  by Kleinfeld, Erwin & Kleinfeld, Margaret
Ž .Journal of Algebra 218, 126]130 1999
Article ID jabr.1998.7848, available online at http:rrwww.idealibrary.com on
Ž .A Generalization of Rings of Type 1, 1
Erwin Kleinfeld and Margaret Kleinfeld
Mathematics Department, Uni¤ersity of Iowa, Iowa City, Iowa 52242
Communicated by Efim Zelmano¤
Received December 29, 1997
1. INTRODUCTION
A number of varieties of rings which satisfy the identity
x , y , z s x , z , y 1Ž . Ž . Ž .
Ž . w x Ž .have been studied. Among these are rings of type 1, 1 2 , which satisfy 1
Ž . Ž . w xand x, x, x s 0, third power associativity , Novikov rings 4, 6, 7, 10 ,
Ž . Ž . Ž .which satisfy 1 and x yz s y xz , and more recently rings which satisfy
Ž . Ž w x . w x1 and w, y, z , s s 0, 1, 8 . In the present paper we study rings
Ž . Ž Ž . . Ž .satisfying 1 and w, x, x, x , y s 0. This generalizes rings of type 1, 1 .
Ž w x . w 2 x Ž .It also generalizes the identity w, y, z , s s 0, since x , x s x, x, x .
The result we obtain is that simple rings of characteristic / 2, 3, 5 must be
associative. There exist examples of simple Novikov rings which are not
w xassociative 3 , and there exist examples of right alternative division rings
Ž Ž .. w xof characteristic 2 thus of type 1, 1 which are not associative 9 .
2. MAIN SECTION
Henceforth it is assumed that R is a simple, nonassociative ring of
Ž .characteristic / 2, 3, 5 which satisfies the identities 1 and
w , x , x , x , y s 0. 2Ž . Ž .Ž .
 < Ž . 4DEFINITION 1. Let N s n g R R, n, R s 0 .
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We frequently use the Teichmuller identity
wx , y , z y w , xy , z q w , x , yz s w x , y , z q w , x , y z , 3Ž . Ž . Ž . Ž . Ž . Ž .
Ž . Ž .which holds in all rings. Choose n g N. Then 1 implies R, R, n s 0.
Ž . Ž . Ž .For arbitrary x, y, z g R, we have x, y, z n s x, y, zn , using 3 . Then
Ž . Ž . Ž . Ž . Ž . Ž .1 implies x, y, zn s x, zn, y . Again 3 implies x, zn, y s x, z, ny
Ž . Ž . Ž . Ž .and then 1 implies x, z, ny s x, ny, z . Thus we have x, y, z n s
Ž . Ž . Ž . Ž . Ž .x, ny, z . Similarly x, y, z n s x, z, y n s x, z, yn s x, yn, z . Thus
Ž . Ž .we have x, ny, z s x, yn, z , or
w xn , y g N. 4Ž .
Ž . Ž . Ž . Ž .Since x, x, x g N, linearization gives x, y, z q y, z, x q z, x, y q
Ž . Ž . Ž . Ž . Ž . Ž .x, z, y q y, x, z q z, y, x g N. Then 1 shows 2 x, y, z q y, z, x
Ž .4q z, x, y g N. Characteristic / 2 implies
x , y , z q y , z , x q z , x , y g N. 5Ž . Ž . Ž . Ž .
Ž . Ž .In 5 substitute z s n. Thus n, x, y g N, so that
N , R , R ; N. 6Ž . Ž .
 < 4DEFINITION 2. Let T s t g R Rt s 0 .
LEMMA 1. T s 0.
Proof. Let t g T. For every x g R, xt s 0, so RT ; T. Also y ? tx s
Ž . Ž . Ž . Ž .y y, t, x s y y, x, t , using Eq. 1 . But y y, x, t s 0. Thus TR ; T.
Consequently T is an ideal and TT ; RT s 0, so T s 0.
DEFINITION 3. We define a ’ b if and only if a y b g N.
Ž .LEMMA 2. N, R, R s 0.
Ž . Ž .Proof. Let n g N and x, y, z g R. Then 5 implies zn, x, y ’
Ž . Ž . Ž . Ž .4 Ž .y y, zn, x y x, y, zn ’ y y, z, x q x, y, z n ’ z, x, y n, using NN
Ž . Ž . Ž .; N and previous calculations. However 3 implies zn, x, y ’ z, nx, y
Ž . Ž . Ž . Ž . Ž . Ž .y z, n, xy q z n, x, y q z, n, x y’ z, nx, y q z n, x, y ’ z, x, y n
Ž . Ž .qz n, x, y . Comparison of these two identities implies that z n, x, y ’ 0
Ž . Ž Ž . . Ž .or equivalently z n, x, y g N. Thus r, z n, x, y , s s 0. Then 6 yields
r , z , s n , x , y s 0. 7Ž . Ž . Ž .
Ž .The associator ideal of R may be characterized as A s Ý R, R, R q
Ž . Ž . Ž . Ž .R R, R, R . As a result of 6 and 7 it is clear that A N, R, R s 0. Since
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Ž .R is simple and not associative, it follows that A s R, so that R N, R, R
Ž . Ž .s 0, and thus N, R, R ; T s 0. Hence N, R, R s 0.
At this point N coincides with the nucleus of R.
 < w x 4DEFINITION 4. Let C s c g N c, R s 0 .
LEMMA 3. N s C.
Ž .w x Ž w x . Ž w xProof. We note that 2 x, y, z y, n s 2 x, y y, n , z s x, y y, n q
w x . Ž . w 2 x w x w x Ž . Ž .y, n y, z , using 4 . But y , n s y y, n q y, n y q y, y, n q n, y, y
Ž . Ž w x w x . Ž .w xy y, n, y implies x, y y, n q y, n y, z s 0. Thus 2 x, y, z y, n s 0,
so that
w xx , y , z y , n s 0. 8Ž . Ž .
Ž . Ž .w x Ž .w x Ž .w xLinearizing 8 implies x, y, z w, n sy x, w, z y, n sy x, z, w y, n ,
Ž . Ž .w x Ž .w x Ž .w xbecause of 1 . But then x, y, z w, n sy x, z, w y, n s x, w, y z, n s
Ž .w x Ž .w xy x, y, z w, n . Thence 2 x, y, z w, n s 0, so that
w xx , y , z w , n s 0. 9Ž . Ž .
Ž . Ž . w x w xNow 9 and 4 show that A w, n s 0, so that R w, n s 0 and so
w x w xw, n g T s 0. Consequently R, n s 0, and hence n g C.
Ž .Ž .LEMMA 4. x, x, x x, x, x s 0.
Ž . Ž .Proof. Let u s x, x, x . We know from 2 and the previous lemmas
w xthat u g C. Note that for any center element c we have x, xc s xxc y
Ž 2 . Ž 2 . Ž 2 . Ž .xcx s 0. Let q s x, x, x q x, x , x q x , x, x . Using 5 and Lemma
w x3 we know that q g C. Thus we have x, xq s 0, or equivalently
2 2 2x , x x , x , x q x , x , x q x , x , x s 0. 10 4Ž . Ž . Ž . Ž .
Ž 2 . Ž 2 2 . Ž 2 2 . 2Teichmuller yields x ? x, x, x y x , x , x q x , x, x s x u q
Ž 2 . Ž .x , x, x x. The second and third terms cancel because of 1 . We write the
Ž 3 . Ž 2 .first term as x , x, x . This is not ambiguous since u g C. Also x , x, x
Ž 2 . Ž 2 . Ž .y x, x , x q x, x, x s xu q ux s 2 xu, using 3 and u g C. Hence
Ž 2 . 2x , x, x x s 2 x u, so that
x 3 , x , x s 3 x 2 u. 11Ž . Ž .
Ž .Commuting 11 with x shows
3 2 2 2w x w xx , x , x , x s 3 x , x u s 3 x , x u s y3u . 12Ž . Ž .
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Ž 3 . Ž 3 . Ž 3. w Ž 3 .xHowever x , x, x q x, x , x q x, x, x g N s C. Thus x, x , x, x
w Ž 3 .x Ž . Ž .s y2 x, x, x , x , using 1 . Then 12 implies
33 3 2x , x , x , x s x , x , x , x s u . 13Ž . Ž . Ž .2
Ž . Ž 2 . Ž 2 2 . Ž 2 2 . Ž 2 . 2Again 3 shows x, x, xx y x, x , x q x , x, x s x x, x, x q ux .
Commuting this equation with x shows
13 2 2 2 2x , x , x , x q 3 x , x , x , x s y x , x x , x , x y u , 14Ž . Ž . Ž . Ž .2
12 2Ž . Ž . w Ž .xusing 10 . Since x , x, x s xu q ux s 2 xu, we have y x, x x , x, x2
1 2 2 2w x w x Ž .s y x, 2 x u s y x, x u s u . Thus the right-hand side of 14 is2
Ž . Ž . w Ž 2 2 .x w Ž 3.xzero. Using 14 and 13 implies 3 x, x , x, x s y x, x, x, x s
3 2y u . Using characteristic / 3 we obtain2
12 2 2x , x , x , x s y u . 15Ž . Ž .2
Ž . w Ž 2 2 . Ž 2 2 .Again 5 and Lemma 3 show that x, x, x , x q x , x, x q
Ž 2 2 .x w Ž 2 2 . Ž 2 2 .x Ž .x , x , x s 0 s x, x, x , x q 2 x , x, x . Therefore 15 implies
2 2 2x , x , x , x s u . 16Ž . Ž .
Ž .Next 3 shows that
x ? x 2 , x , x y x , x 2 ? x , x q x , x 2 , x 2 s x x 2 , x , x q x , x 2 , x x .Ž . Ž . Ž . Ž . Ž .
17Ž .
Ž 2 . Ž 2 . Ž 2 . Ž 2 .Recall that q s x, x, x q x, x , x q x , x, x s x , x, x q
12 2 2Ž . Ž . Ž .2 x, x , x and q g C. Thus we have x, x , x s p y x , x, x , where2
1 Ž .p s q g C. Substituting this in 17 gives2
13 3 2 2 2 2x , x , x y x , x , x q x , x , x s x x , x , x q px y x , x , x x .Ž . Ž . Ž . Ž . Ž .2
18Ž .
Ž . Ž 2 .In the line above Eq. 11 we have shown that x , x, x s 2 xu. Substitut-
Ž .ing this in 18 and recalling that u g C, gives
x 3 , x , x y x , x 3 , x q x , x 2 , x 2 s x 2 u q px. 19Ž . Ž . Ž . Ž .
Ž .Commuting both sides of 19 with x gives
3 3 2 2x , x , x , x y x , x , x , x q x , x , x , xŽ . Ž . Ž .
w 2 x w 2 x 2s x , x u s x , x u s yu . 20Ž .
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32 2 2 2Ž . Ž . Ž . Ž .Using 12 , 13 , and 16 , in Eq. 20 , we get y3u y u q u s yu , or2
5 2 2y u s 0. Hence u s 0.2
THEOREM 1. Let R be a simple ring of characteristic / 2, 3, 5 which
Ž . Ž .satisfies the identities 1 and 2 . Then R must be associati¤e.
Ž . 2Proof. Since u s x, x, x is in C and u s 0, the ideal generated by u
Ž .squares to zero. Thus u s 0, so R is of type 1, 1 and it is known that R
w xmust be associative 2 .
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